1. Let Ay, As, ..., A, be subsets of an n-element set, such that
e the size of each A;, with 1 <1i < m, is not divisible by 6, and
e the size of any A; N A;, with 1 < i < j <'m, is divisible by 6. o more than n  clubs  can be fv,.mwQ

a < 2n.
Show that m < 2n 1. Yi,  Sce n\f A & oﬂ : )1» cardl
Proof. Without loss of generality, suppose that Ay, As, ..., Ay, Amytis - - -, Ay, are ordered
such that > Waxg . sie of ARG & even .| card
(1) |A;], for each 1 < i < my, is not divisible by 2; and
(2) |4;|, for each my + 1 < ¢ < m, is not divisible by 3.
Since the size of any A; N A;, with 1 <14 < j < m, is divisible by 6, we obtain % f“’m W and ) s the same to
(3) |[A; N Aj|, for each 1 <4 < j < my, is divisible by 2; and
(4) |A; N Aj|, for each my + 1 <@ < j < m, is divisible by 3.
Imitating the proof of the Oddtown Theorem Iover Fs (using (1) and (3))[and F3 (using (2) and
(4)), respectively, we obtain m; < n and m —m; <n. Som =my + (m —my) < 2n. 1
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2. Let Ay, Ay, ..., Ay, be distinct subsets of {1,2,...,n} such that |4; N A;| = A for any i # j ) . T . wg
and lAZI SN for all 4. theorem . Mn-umform sher mu{/«. vta

(a) Let x; be a real variable associated with A; for ¢ = 1,2,...,m. Show that et C0 oo Con be distinet  sabsets f a

m m?l 1 n
(in)2=;w?+52[(zIi)Q—Zm?]- (0)

i=1 k=1 keA; kEA; WAM‘& A < a fixeo@ constant Wf/t/\. l< ﬁ,én

set uf sire n, such thot Vit ICch-|=7L

(b) Use (a) to prove that m < n. then men
Proof. (a) We claim that for any fixed k& with 1 < k <mn,
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To justify this, let k€ A;; for 1 < j <+¢. Then

0 Z . {
LHS of (1) = (Z;zl xij)2 - Z;zl mfj = 221§p<qﬁt x;,x;, = RHS of (1). LHS f (o) ., > e % xa

Thus the desired statement is equivalent to

)‘ Z 1’1’15_7 = Z Z ’L.Z:L.] (,q/t IQ from I to n (2)
1<i<j<m k=1 kE€ANA,
A xe K k from L to n . new means k appears | n

Since A; N A; contains A elements and for each element k € A; N Aj, the term x;2; appears once ) [l L . . .
. . ! teme | acliual T maxemum €5 A . Sdnce
on the RHS of (2), in total x;2; appears precisely |A; N A;| = A times. So (2) holds. A
(b) Suppose the contrary: m > n. Then there exists a nonzero solution to the following - ﬂ' =
system
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3. (a) Let A = (aij) be an n x n symmetric 0= 1 matrix. Show that the diagonal @ = |, A_(, , )
(a11,a29, ..., ap,)T is in the span of the columns of A over the field Fo.

wmh __vector| <n

(b) Prove that the vertices of any finite simple graph can be colored red and blue so that ith
each red vertex is adjacent to an even number of red vertices. and each blue vertex is adjacent .

~ to an odd number of red vertices.
| | | | | | | | | | | | | | | | | | | | | | | emﬂ to o.Tcso ‘V\J

Proof. (a) To prove the statement, it suffices to prove that over Fg we have a’a =0 Al = Aheol 4 —|%
- whenever Az = 0. For this purpose, consider F 3
7 2T Az = Za"m + Z Doy, e (3)
- > 33X =0
1<i<j<n
 Since x? = x; over Fy, by (3) we obtain 27 Az = 3! | asx; = a’z. So a’x = 0 whenever
. A
Az = 0. Hence the linear systems Az = 0 and [ aT] 2 = 0 have the same solution sets over
Fy. It follows that rk(A) =rk [ ‘:T] . Therefore a” is in the span of the rows of A over Fa.
~ Equivalently, a is in the span of the columns of A over Fy as A is symmetric.
(b) Let A=besthe-adjacency=matrix of the given graph G, and letwAw=wdAwsl. Then
. — . ko —
- @pis-the-t/column-of -A- Let us color the vertices i1, is,...,i, by red and all other vertices
by blue. From the above equation, it is easy to see that each red vertex is adjacent to an even
numbers of red vertices, and each blue vertex is adjacent to an odd number of red vertices. 1
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4. Prové that if we drop the condition in the Graham-Pollak Theorem (see Theorem 3 in G A 1 P Lk the
the lecture notes) that the complete bipartite graphs are edge disjoint, then [logyn| complete ot pplof —thaorem
bipartite graphs suffice to cover K,,. Furthermore, [log, n] is also necessary. ,;f the ,sze set ,,JF o,,,,j,L&tg Ko s the

Proof. Our proof comes in two parts; both of them involve binary expressions of integers. jwamf whion "]C the Jﬁe sets UC m

Sufficiency. Label the vertices of K, as 0,1,...,n— 1. Each i, with 0 < i <n — 1, can be comolete arach . them s n-i
expressed as a binary number of length [logy n| of the form apaj_1 ...asay, where k = [logs n], F 5 ¥
ar € {0,1} for [ =1,2,....k. Thusi= Zle a2t

For l =1,2,..., [logyn], define a complete bipartite graph B; = (X;,Y]) by S«ﬁic&m&g : JC'"‘M |_ C«’a, n—l oomJ)[ewre

X;={0<i<n—1:the ™ bitof i is 1}. l”]’”f”"‘” 3”‘]’A to cover  Ka

Y; ={0<i<n-—1: thel” bit of i is 0}.

Let us showthat-By;Boywwey By, wy-coverall-edges-of . To justify this, note that for-each
edges ij, with 0 <4 # j < n — 1, the binary expressions of i and j must differ at some bit, say <nvelrfe
the [*" bit. Then 4j is contained in B; with | < [log,n] by the definition of B;.

Necessity. Suppose K, is covered by complete bipartite graphs By = (X1,Y1), By =
(X2,Y2),...,Br = (Xk, Yi). To prove that k > [logs n], we associate with each vertex v in K, wis k> |_L03> n_l
a binary number f(v) of length k, such that the i** bit of f(v) is equal to 1 if v € X; and 0

otherwise. Given any pair of distinct vertices v and v in K,,, we see that the edge uv is covered

by some B; = (X;,;Y;). Thus

{the " bit of f(u), the i*" bit of f(v)} = {1,0},

which implies f(u) # f(v). Since the total number of binary numbers of length k is 2%, we have

n={f(v): veV(K,} <2 sok>[logyn], as desired. |
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