






















































MATH 5261 : Algebraic Geometry II. 2025 Spring
Lecture 1 : Overview & Introduction to Homologie Algebra . JianggyBust .

Up

GOAL of this semester : use cohomological tools to study algebraic geometly .

~ roughly Harthshorne Chapter# 15th I
,

. ..
)

main themes :
I .Serve duality . II

.
Flat

,
smouth moghisers.

Riemenn-Roch, ... Family of schemes
, base-change--

took to develop: 0
. Cohomology theory10f sheaves

XEIP for some m

1 .
Riemann-Roch dimX = 1

↑

Let X be a smooth projective cive over t= D .

S

dim TrX = 1 Fee X closed .

~
dime(X((1) = 2

[ < X(C) : Riemann surfaces· Closed
,

oriented real 2 imit manifold.

①D ....

g =0 9 = 1 g = 2

Defi .. A divisor on X is a formal sum

m

D = I Ridi
,

NitI
,
RiEX closed points .

i = 1

=I Mes ,
NEI,

REX closed
.

finite

deg(D) : =En : EXT degree of D.

· For a divisor D = Zes , define a Ox-module Ox(D) :

[(U
, 0x(x) = Gf-k(X) UreUcked , dif

I &

function field of X order ati

"

meromophic fins" divif)/+ Dla0 .

Fact : Ox(D) is a line bundle . (locally free ofLank 1)



E
.g: D = 0

, 0x(D) = Ox .

· D = = x
, [(U, 0x(x) = 5570, (U)/f-mmEOX,

nY
.

Ox(EOx
.R

regular fins vanishing at 1

Ox(D) = In idea sheef of u

· D = x
, OxEk(X)

subshecf of meromophic firs allowing poles of ident

only at REX

Generally : D =a, 2 + ... + and-b , Y ,
- ... -

mym ,

Arbjo

[(x ,0xx) = (f + k(x)) -
allow poles of order -a ; at xi

3- has vanishing order <, bj at ;

THM (Riemann-Roch) : - divisor D on a smouth projective conve X/D

dimOX(D) - dimT(X,0xCK-D)) = 1 -

g + degLD) -

-
-

algebraic/holomorphic/andytic inform
topological inform

Here · K canonical divisor : Ox(K) = ↓X cotangent bundle

2 is a sheaf of Ox-modules St . REDKM) = Wha/wsI Kihlen differentials (laters
.

· g = dim[(X ,x) = dimTY, Ox(k)) genus

9 = # of holes of X(4) = [ dim HFX(D)

The most important result in studying curves
.
Many proofs.

Modern simple proof in algebraic geometry :

"cohomology groups"
-

1) Machinery of sheaf cohomology : H
*
(X

, F1) , F1 Koherent) sheef

↑ (X
, (1) = Ho2X

,F) .

For any short exact sequence of (coherent)
sheaves

o Fe - 52 - Fig + 0
.



It produces a long excut sequence
· -> Hi(X,Fe) + Hi(X,F2) -> H(X, Fs) + H(X, fu) + HSXE) +> H(X

, Es) + ...

X unet

- Vanishing therems : Hi(X
, F1) = 0 for is to. O

&

In fact ,
X wire .

H(X, #100 for ito
, 1

.

Finiteness results : X Projective / (in fact , proper/4 is v)I
=> dim Hi(X,F) <

=> X (X, F(2) - X(X
,F2) + X( X

,F3) = 0
.

X (x, F1) : = EC - 1 : dim Hi(X, Fis
&

i=0

= dim
,

H(X, F1) - dimH'(X,f) ,

X carve

-

11

T(X , Fi]

Apply to the short exact sequence (say D,0

o -> 0 -> Q(D) -> &(D) + o
.

X curve

X

X(X , 0x(b)) = X(X, Ox) + deg(D) .

dud rector space/I
2). Serve duality : -

X cure. HEX, f) = Ho(X,Fix RYS" ,
Firestor bundle

=> H1(X, Ox(D)) = H
°

(X
, OX(K-D) "

.

I H
:

(X, 0x) = [(X , 2x)"

Now : X (X,0x) = d. TX,Ox)-dimTI, eY) . "I"
I -

Coherent
In general : X Smooth projective , be of dimn

, Fu

Serve's duality : It"(X ,F1) EH
n -

Y

(X,F
"R(V -

-

wx - will prove

Hi(X , F1) E Exthri(F
,wX)r this



Example : X = elliptic curve over k= D. 12

analytically
know : X & /1

,

1 = 02 + Thi
·

'We

2 : = 0(0)
·

2
**

= O(do) ,
do .

deg 1(2** x RY) = -do if do
. ⑳

[E = = T((2*(2x) = 0 . )

Then R. R. => dim [(X, 2
**
) = d

,
do .

d dim T(X, 29) basis

1 1 I
21- [Pz), 13

Y *

8, 2 u) X > /P1
2 2 -

xz( > [P(z1 , Dizz,

13

3 3 J ,
p,

1 us X > 1P4 2AS

4 4 D, P2, p.
1 Question : p"[(4 · 0) ?

lin- weln ? 2* A )

-----
-- --

1): Recall : X -> #" >> 2+ X line bundled + 1) sections

ODN
+1 L st-gen .

L
.

· For$ : Inge is "homogenize"
X =Sy = 4x- gx

-9 , ][/3 .
Y=P,

U =pi? .

"Weientra form"

I - *· 01z := E2 + Also,

&
double periodic meno. Fr. (> p(z) = FIX

,
0(2.01)

.S · has a pole of degree at of X .

· Giz) =-2 DET(X,
01 .01) .

· qu = 60EX
.

Er
,

93 = 140 ex 11

(**) : prove that p"= 6 p-2



& 2. Prelude to derived functors : For
&

Riemann-Roch : want to know [(X
, F1) : this information alone : hard

.

once corrected by missing hidden information about F1 :

Hi(X
, F1)

Then get nice & complete understanding.
6 hidden information

Hi(X, F1) : derived functor of [CX,F1) .

that is determined by
T(X

,Fi)

But we need to do some extra

&

·theinter im"
Another Exemple : Serre's intersection formula

E.9. Y y =x X= (2 E2 y = a

intersection multiplicity

mult (4, 2) = 2 = dimp (0
,people

RIX , T]/<y> @RIPT/y-22)
= RESE/(24 ·

Is that always true G
,
GEX-smooth

,
1Cz = &P., Pr ---

, Pmb

2 dim G + clim(r = X)

multp(C ,
2) - dim (0cpecp.

No fu higher dim'l

Serve : multp( , 2) = [G): dimp JorOXP (Ocp , Pup).

( positivity remains open) .

- o : Gabber 1995
.

Tor? M
,N) : derived functor of M& N .



Tor : "derived functor of
"

R : (commutative) ring. N : R-module .

Then : -*N is not exact ,
but only right exacti

· If o - M' + M + M"+ o is a short exact sequence of R-modules
,

then for any R-module N :

Tory (m"
,
NJ

upshot minimisinSee exact

↑
this might Not be injective .

Rmk (Flatness) . N is flat s DN is exact

i . e. # o- M'+ M + M"to short enact seg /S .
e . S .)

=> of MDN-> MQN + MNtO shot exact lef.

Defin :
· A free R-module pos= Re S basis he

· A free resolution of an R-module M is a complex of free modules

#x = (Fu
, d) n40 together with a R-module mep 9 : Fo+ M S.

t.

--F FM + o

is exact
2n
11

· Define TorCM ,
N) = Hi (FeN , deidn

R
2u 2

,

= Homology of ( -- - F@N + FON -FoON) at ith stage .

R R

=

Ker(Gi)
--- 2 I o homological defee

Im (Gi +1) I

Exercise : Torg (M
,
N) = M&N .



Lemma 1 .
1 (Free resolutions exist)

.

Let M be a R-module. Then

M admits a free resolution F*.

Proof : Take Fo=& R. m ,
5

, M
.

mEM ↓ f

rm > r-m

(If M is finitely generated .

M = Z r . ei
,

then
i =)

we can take FoRei to be a finite free module

El

Set Mo = Karle)
. Then take free module Fe t Mo .

Inductively , given a module Mnu
,

take free module In with

En
Fn = Mn-

·

Let dn = composition (Fr > Mr+
* Fn+ ).

Then Fx = (Fu
, dn) with FOEM is a free resolve of M

.

M2 = Ker (9. )
Er

* 4 E
--

E ~ Fr < Fort M I
E

,↑
My= Ker(sus M1 =Ker(2)

Lemme 1 .

2 (Free resolutions are "unique up to homotopy")

Let F
+

& M
, G*N be 2 free resolve .

Given any map f : M + N.

(1) There exists a chain map fx : Ex+ G* lifting f: M + N,

i. e. 10% = 50E .

(2) Any two chain maps 5x
,
5 : Ex + G Lifting 5 : M + N

are chain homotopy equivalence :

-> hi : Fi -> Gith
- E2- F -> Fo -> M so

st
. fi-fi = dih+h -(fx -fy= dh + nd)

~
↓

~

-- Gr -> G ,
-> Go -> N -> 0



Proof : (1). Fo Fo M so

- ? I
foE

fo ~

f
S

Y
Gu > 3 N Gr > > N 30

Y

&

(#) Free modules are "projective" : for any surjective map BCC &

any 5 : F+ C
,
F JB St doB = r.

free
Fr

t ↓
zBi 6

B = C
- 2

Proof of (*) : F = & Rei her basis Sei]
·

I

For each i, consider HeilEC
.

7 bitB
,

G(bi) = ((ei)
.

Define B : ei it bi I

Hence - fo : Fo -> Go S.t 10 fo = food .

Next Step : F1 F1 & Fo M so

=
feode

F2 i fe
~

f
~ & ~

di
I di

G. < N co
>Ge > Kerln) G1 S

Inductively : -fr : Fu-Gust d'ofn = food .

If of (1).

Notice : we only med Fo is a chain complex of free modules &

6. N is any
resol .

E
(2). 7 (fo-fo) = for-foc = 0

Fo S SM
S

=>
-ho .

Fo h S

f
O

- ↓ fo-fo 15 5
~

~

G2 > Ker(Y) Ga > Go N

d' d' 7



Inductively : n31 (Set F + = M
,

h +
= 0

,
G + = N) :

suppose fr-fri = d'h + hd d d
Fn > Fn+

c Fn-z
want :In-fi = d'h + hd

. .... &

~ n-

W

n-1

n

f-f f-f
n N h n -1

L

Gu+i & En 3 Gn-1

L

d' d'

compute : d'Ifn-Jn' - had Hence Fn
-

= (fn-fal]d- d'Umyd T Un
In-fi-hd... ~

= (fn--fnt - d'hm) &
Gu+

Kerldn)
= Mazo dod = 0. A

Rmk
: Only use Fo -> M is a projective chain complexe & G

.
-) N any

resoln. Here : P is a projective module if (*) holds
,

i . e.

P
f ↓ 2 : B=, fr: Per

=>B I S

B > C -B : PtB st J= doB .

& I

Consequences :

Cor1 . 3
:
& For any f: M + M' R-module mep. Take free resolis

Ex + ma Fe + M'a chan mep fx : Fx + Fo Lifting -

Then N, Hi(FN) HiLfyidN Hi(FeN)

depends only on f & indep of Lifting fx.

& Take any two free revolutions FA
, F* of M. For any N

,

=> can .
iron . HiLFON) = HilF*N .

#- M

-> I did
Combine d & & : TorB(M ,N) is independent of E->

M

- I ↓ id

the free resolv Fx+ M & TorPC
-,

N) is fractorial
# -> M

Tor?-,
M : Mode -> Mode I



The key tool in constructing the connecting homomorphism is our next result, the 
Snake Lemma. We will not print the proof in these notes, because it is best done 
visually. In fact, a clear proof is given by Jill Clayburgh at the beginning of the movie 
Its My Turn (Rastar-Martin Elfand Studios, 1980). As an exercise in "diagram chasing" 
of elements, the student should find a proof (but privately—keep the proof to 
yourself!).

Prop .

1 . 4 (Short exact sequences => Long exact sequences

If of M -> M + M"to is a short exact sequence of R-modules
,

then R-mod N
,

= long exact sequence of R-modules :

--
---

mi- TorniM , N) -> Torn /Mim

Tor(min)-Tor
(M, N) - Tor IM,"

wi
MAN-> MON - MAN-

To prove Prop .

1 . 4
,

we need several ingredients :

Weibel -

-Y
Lemma 1

. 5 (Snake Lemma) :
Given black commutative diagram :

Kerlf) + Kerig) -> Kerlh)

↓ ↓
P

A
-

> B - 2 -> 07
if rows are·ItS " exact

↓ ↓

Cokif) -> Cok(g] -> Cok2h)

ThenI exact sequence Kercfs-> Keng) + karchs & Colecfl-Clegs-> Cokch)·

Here : G (c) = i
+

gp
+ (c)E Kerch)

.

Moreover
, if All B = Kerff) < kng).

if BE < => CokIg] => Cok(h)
·

Excreise : find your own proof of thesnake's lemma
.

#



Thm 1 .
6 /Long exact sequence of cohomology)

Let of Ax By * C to be a short exact sequence of
chain

complexes . Then there existe a long exact sefuence

...

E Hut(B)-Hn(@ > HuIA) E HnIB) - HnIC) & Hn +
(A) f...

2 : connecting homomorphisms.

Proof : En (A) : = Ker (And , Any)An n-cycles .

Bn(A) : = Im (Ant-An) An n-boundaries

Bu(A) ? EnIA) E An
.

Hn(Al = En(A)/ BnLAS with homology.

First
,

consider 0 -> An -> But 2n + 0

↓ a Id ↓ d

~ + Any -> Bu +
+ 2n+ +> 0

Snake's lemma => 0 + En (A) + zn(B) -> EnIc)

& excut

-> Any/dan-Bri-C
Secondly ,

consider

-B -> P

-1
rows exact

d
v

↓ & I ↑
0 - En-(A) + En+

CB3 -> En+
(2)

Snake's lemme (x2) => Hn(A) -> Hn(B] -> HulL)

I execut

Hr- (A) -> Hm-LB) -> Hn-12]

I

Rmk
: True for any abelian categuies.



Lemme 1 . 7 (Horseshoe Lemma)
.

0-> A + B+ < + 0 short enect sequence.
f g

- . P2 - P.
-> Po A - 0 proj resold

If (free)

D B

↓ g

-- - Q1 - & C
-> 0 prog: resold

(frees

Then- projective resolutions R* of B with Rn = PnQn
(free)

S -
t. righthand column A EBE C lifts to an exact sequence of complexes

o -> Pe = PxQx *
x

+ 0

st in : Pr - Profun
, in : Pudfent fun are the natural projections.

75 I EProof : 20..> B Pez Ker(2) -> Po = A

G vg f i If
Y

J
~

Piece .... Keri)ePodB
C

↓

I'⑧ ~

# ↓ g

Define 3 :=E : PoDRo -> B
. An to Kenn - No

4
C

·
S

=

j

Snake's lemma (x3) : is creet

Inductively ,
we are done. I

,

Proof of Prop . 1 . 4
: using Lem . 1

.
7

.

0
+ M+ M + M + 0

.

↑ ↑ ↑

get o F -> Ex + F +o gie.s of resolm
.

=> of FION-FxDN-FON to
.

S. e . s
. of chain complexes ·

Thm long exact sequence of homologies. M



Example/Exercise 1. 8 :
R = I. For any of MEL .

Using the free resolution I
M

> 1 -> FrL of FmL ,

show that for any abelian group B :

Tor?1/2 ,
B) =

B/mB
,

i = 0
.

I mB = [bEB/mb=oy ,

it 1
. M-torsion pits

O it0
,
1

Similarly , ExtCM ,
N) is the delived functor of Hom(M ,N

It can be defined as follows :

· Take free resolution Ex+ M of M.

Get a cochain complex
Hom(Fo

,
N) Hom (F2

,
N HOME ,

N)-
R R

Cohom , depe O I 2 3

· ExtRCM ,
N : = Hi (Homp(Ex ,N,

od)
.

The above process shows that Ext(M ,N) is independent of

free resolution of M & Extpc,N) : Mode Mrdp
is functorial . Moreover

,
there is a long enect sequence

associated with each 1 .
e . 5 .

of M' + M + M"to :

·-> Homin",N) -> Hom (M, N) -> Hom(M,N -> ExtEMY
, N) +. .

·

D

Next week : pure abstraction of derived functorsa la

Grotherclieck's [Tohoku] paper.



Aside*: Extra group of Extensions

Let R =I
,
so that Mode = Ab

,

the category of abelian groups .

An extension of abelian groups B & A is a 0 .
2 . 5 :

3 o + A + E + B + 0 in Ab.

2 extensions & & 3' are equivalent if I commutative digem :

3 o - A - E + B + o

Il ↓ 11

: o - A + E-> B + 0
.

20, 1)

An extension is split if it is equivalent to - B- A& D -> Ato.

Defin : Ext(B
,A) : = equident closes of extensions of B by A .

Exercise: Show that there exists a natural group com :

Ext(B
,
A) E ExtELB,

A)
.

Hint : Let of CEP + B + o be a short exact sequence
with

P a free abelian group.

show - exact sequence
fHomIP,A) Hould,

A) E Extl(B, A) -> o

Ext => Extl
: for any extension 3 ,

construct PE Hom (,
Al

,

well-defined up to &
*HomIP,A)

.

Ext
?
= Ext : for any B : C+ A

,
construct an extension 5 as

Rushort v 2 + p - B
-

↓
3 · + A + t + B + 0 .

Group structure : see Homerruk
. A


