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MATHG6502/7502 Topics in Discrete Applied Mathematics

Part I. Linear Algebra Methods in Discrete Mathematics

1° Rank Argument

This method is to prove a statement by using the rank of a certain matrix, or equiv-

alently, by showing the independence of certain vectors.

(1.1) Counting Clubs in Oddtown

Suppose that n citizens of oddtown wish to form as many clubs as possible under the

following rules:
(a) Each club should have an odd number of members;
(b) Each pair of clubs should have an even number of members in common.
How many clubs can there be in oddtown?
Remark. It is possible to have n clubs in oddtown, for instance, each individual could

form a one-member club. The real surprise might be that although n clubs can be formed

in a large number of different ways, there is no way of forming n + 1 or more clubs.

Theorem 1. In a town of n citizens, no more than n clubs can be formed under rules
(a) and (b).

First Proof. For simplicity we assume that the citizens are numbered 1 through n.
Suppose we have m clubs ¢, ca,. .., ¢y satisfying (a) and (b). The incidence vector v;
of ¢; is a 0 — 1 vector with n entries such that the j** entry of v; is 1 if citizen j € ¢; and
0 otherwise. Then rules (a) and (b) can be rephrased as

T 1 (mod 2) if i=y; )

Ui Y5 . ( )
0 (mod 2) otherwise.

Then vi,vs,...,vm are linearly independent in FJ' over the field F,. To see this, let

m

21 A;v; = 0 be an arbitrary linear relation over F, among the v;’s, where A\; € F,. Then
]_

(Z Ajvj) =0 for i =1,2,...,m. By (1), we have A\;v]v; = 0, implying \; = 0, and
80 the desired statement follows. Hence m < dim(F3) = n.

Second Proof. We resort to the following rank inequality:
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)R rk(AB) < Min {rk(4), rk(B)}, (2)

where A and B are matrices over an arbitrary field, and the number of columns of A
equals the number of rows of B.

Let M be the n x m matrix (v1,vg,...,0n), where v; is as defined in the first proof,
and let A= MTM. Then by (1) we have (over F3) A = I. So rk(A) =m. From (2) it

fOHOWS that r\eliZ,» fAL r‘a,nla of o

m = rk(MTM) < Min {rk(MT), rk(M)} = rk(M) < n, matrix might be
in erent over
iy
deffecent  field

as desired.

(1.2) Point Sets in R™ with Equal Distance

Theorem 2. Letay,as,. .., a6, be pointsin R™ such that the pairwise Fuclidean distances

of a;s are all equal. Thenm < n+ 1.

Remark. The bound is sharp: let {ay,as,...,am} be the set of wertices of a regular
simplex. Then m =n + 1.

Regular simplex in R? Regular simplex in R3

The following proof is due to Professor M.K. Siu.

Proof. Let z; = a;—am, fori =1,2,...,m—1, and let the pairwise distance of a;s be
4. Then m?:}:z = |la; — am||? = 62 for any i < m— 1. Note that for any 1 <4 # j <m—1,
a;, aj, and a,, form an equilateral triangle by hypothesis. So the angle formed by z; and
z; is 60°, and thus 27 z; = ||z;]| - |z;]| - cos 60° = 62 /2.

We aim to prove that z1, 9, ..., Zm,m—1 are linearly independent, which implies m—1 <
n or m < n+ 1. We shall actually prove a more general statement.

Proposition. Let z1,%3,...,2, € B™ be such that :Efmz = q for any i and :EZij =p for
any i # j, where p and g are fized constants with ¢ > p > 0. Then x1,%2,...,T, are

linearly independent.

We prove by induction on k. The case k£ = 1 is trivial.
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Uneorem

Suppose the assertion holds for k. Let us proceed to the case of k + 1. Consider
an arbitrary linear combination Ajzy + Agxs + ... +App12Zk41 = 0, where x;‘rm, = if
i = 7 and 9 otherwise, with ¢ > p > 0. Since scfﬂ(/\lml + .o F A1 Zear) = 0, we get
Nos1 = —%’(Al +dg ok Ap) So

M(z1 — gl'k+l) + Ag(zg — §$k+1) e — §$k+1) =0.

2 2

Set y; = x; — gxk+1. Then ylyi = q= %— = ¢ and yly; = p— = p’. Note that
q

¢ > p > 0asq>p>0. Byinduction hypothesis with respect to y1, s, ..., ys, we have

Al =Ag =...= X =0. This, in turn, implies A\gr; = 0. Ll

(1.3) How Many Complete Bipartite Graphs Add Up to a Complete Graph?

A graph is called complete if there is an edge between any two vertices. A complete

]

5

graph with n vertices is usually denoted by K,.

A X

K3 4

A graph G is bipartite if its vertex-set can be partitioned into two (disjoint) subsets
A, B such that all edges are between A and B. (No edge is allowed to join two vertices in
Aortwoin B.) We say that (A, B) is the bipartition of G. Graph G is called a complete
bipartite graph if for any a € A and any b € B, there is an edge between a and b. The
complete bipartite graph G is denoted by K, if |A| = s and |B| = t.

< B

Kis « Vi Ko

Dexex T K

e ~ 3~
vy ¢

a  Qraph <« bepartile ¢ bz L contaeny no ooo



The following problem arose in connection with the problem of “addressing into the

squashed cube” in telecommunication.
Input K,,— the complete graph on n vertices.

Output Decomposition of K, into m edge disjoint, complete bipartite graphs such that

m is as small as possible.

Remark 1. m < n — 1. For instance,
1 4 1 4 4 4
E | I : + 4 +
2 3 2 3 2 3 3
Remark 2. There are many decompositions of K, into n — 1 edge disjoint complete
bipartite graphs. For example,

1 4 1 4 1 4
E | :X: + +
2 3 2 3 2 3
The real surprise ism >n =1

Theorem 3 (Graham - Pollak). If the edge set of Ky, is the disjoint union of the edge
sets of m complete bipartite graphs, then m > n — 1.

First Proof. Suppose K, has been decomposed into the disjoint union of complete
bipartite graphs Bi, B, ..., By,. Let (X, Yx) be the bipartition of By. Now associate
an n X n matrix Ay with each By in the following way

o 1 ifie Xgand j €Yy
Ak(’La]) =
0 otherwise.

m

Clearly, rk(Ag) = 1) Let S = 5 Aj. Then S+87 = J~1, since for each i # j precisely
k=1

one of (i, ) and (4,1) is represented in S, where J is the n x n all one matrix and I is

the n x n identity matrix.
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Zu,&?tobn motevatron

I Sx=0 > =0
Tx=0 | Jx=0

Claim. rk(S) > n — 1.

m m
(Assuming the claim) It follows that n — 1 < rk(S) = rk( ) Ax) < > rk(Ax) =m,
k=1 k=1
as desired.

Proof of Claim. Assume the contrary: 7k(S) < n — 2. Then there exists a nonzero
solution to the following linear system

Sx=0 (3)
;::1%':0 T'X=O (4)

where 2z = (z1,23,...,2,)7. In view of (4), we have Jz = 0. Thus (S + ST)z =
(J — Dz = —z. From (3) it follows that STz = —z, and hence —zTz = 2757z = 0 by
(3), a contradiction.

B Second Proof. Let us associate with each vertex ¢ a variable x;. Set
n
(Xe. Ye) Up = Z z; and v = Z T,
ik \‘gh i€ Xg €Yy

where X}, and Y}, are as defined in the first proof. Then the fact of the decomposition is

expressed by the equation e of odues in
Al oy S S e B

m

Z xi‘&;j = Z UV = Z<Z Xe - Z ’Xa~> (5)
i<j k=1 k=1 \eXe, a‘e‘ﬁ
If m < n — 2, then there exists a nonzero solution = = (21,%3,...,Z,)7 to the following

linear system

fof o s AL Bk

Uk,:O fork:lazv"'am' (”M,{?L?Wlo&?‘rw/%ﬁtﬂt

zi+ze+ ... +zy=0. 4 4 ,,"74,,(.&14«”,,
For this solution x, 1) o ond gy dave ne wmmin loms (1 by
T v 14 sk 55 st L
LHS Of(5):’2“[(>:$i) -Zw,']=—52wi <0, LHS 4 (£)
i=1 i=1 i=1 L :
L a e ﬂ .
RHS of (5) =0, K & e
a contradiction, O

(1.4) A Combinatorial Design Problem

One famous block design problem is the following: Maximally how many subsets of

a set of size n can pairwise share the same number of elements?

Theorem 4 (Nonuniform Fisher Inequality). Let ci,c¢g,...,cm be distinct subsets of a
set of size n such that for every i # j,|ci N¢j| = A, where X is a fized constant with
1<A<n. Thenm <n.
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(1.4) A Combinatorial Design Problem

One famous block design problem is the following: Maximally how many subsets of

a set of size n can pairwise share the same number of elements?

Theorem 4 (Nonuniform Fisher Inequality). Let ci,c¢a,...,cm be distinct subsets of a
set of size m such that for every i # j,|ci N¢;| = A, where X is a fized constant with
1< A< n. Then m <n.

Remark. The bound is sharp.

Example 4.1. Let ¢; = {2,3,...,n} and ¢; = {1,4} fori = 2,3,...,n. Then |¢;N¢;| =1
for every © # j.

Example 4.2. Let

C1 = {132a3}a Cy = {3)4a 5}a C3 = {5a6a 1}7
Cq = {1a7a4}a Cy = {29 75 5}a Ce = {3a 71 6}1
¢r = {2,4,6).

Then |¢; Ne¢j| = 1 for every i # j.

Co Co oo Cn istinct subsot
Fresi |Cin Cif-n
Proof. Let us first consider the case when some ¢; has precisely A elements, that is,
le;] = A. Then ¢; C ¢; for any j # 4, and ¢; — ¢; are pairwise disjoint for all j # 7. Thus
Ici|+j§i]cj—ci\ <n. SoA+m—-1<n Hencem<nasi>1.

So we assume hereafter that |¢;| > X for i = 1,2,...,m. Let v1,v3,...,v, be the

elements of thesset of size n, and let 8 be the incidence matrix defined as follows

n ot 1 ifv;€q
en ToT al n . 7 )
M(3,j) = -
o) “m . o Setd 0 otherwise. |
[ A 1
Orecele < = A —
( 6 M)

eult row «§ an t}uoéer,fut

Vector



Notice that M is an m X n matrix whose rows are indexed by ¢s and columns are indexed

by vgs. Then the intersection condition is summarized in the matrix equation

rk (MM« rk (M) lea]

ey ] -

A

el

where y; = |g;| = A >0fori=1,2,..

MMT is nonsingular. 3| 2

(Assuming the claim) It follows that m = rk(MM7T) < rk(M)
remains to establish the above claim.

A

|cal

[

.

= At
0 et

L An

“/ Method 1. Show that M M7 is positive definite:

To justify this, note that for any z = (z1,z3, ...

' (MM =

|0 gl -2

"
£

~ o4

<~ N

=

YYU R

M+ diag(er| — Ay fea] = A, ooy lem] — A)
A+ diag(’)’l,")/g, oo o ,’ym),

n

,2m)T € R™, we have

T Jz + T diag(v, v2, . - - Ym)Z

Hence 27 (MMT)x > 0 for any z € R™ and equality holds iff z = 0.

\Q/ﬂéthod 2. Show that det(MMT) = y192 .. Ym|l + A(

)"*"Yl A

A A4y

det(MMT)=| N
A A

Subtracting A times
the 15 row from

each of other rows

Next, using the diagonal entries, kill the first column

matrix. The result follows.

TN

< n, as desired. So it

(m~+1)x(m+1)

m 9 m 9
A zi)d|+ D0 vixg
3==1 g=]
1 1 1 nonero
— 4 — 4 ...+ —)]. Indeed,
T2 Tm
1 1 1 1
A
\ 0 A4+m A A
= [0 A A+ A
3 i . .
+ Ym mxm 0 A A /\+’Ym
1 1 1
—A 71 0
-A 0 0 Ym (m+1) % (m+1)

to create an upper triangular



=
/% Method 8. Let x; be the incidence vector of ¢;. Then

-
‘N;,N\ Ay ifj=i
A if j 4.

Then 21,22, ...,Zm are linearly independent,.

)/)’ Method 4. Compute eigenvalues of MMT directly and check that all of them are
positive.

Exercise. Give a new proof of Theorem 2.

't/te l)wnoQ w t/Lmr\e,m, 5
o s/wurj); (1.5) Balanced Families
let Af,':{v-}‘\JISo'Sn

A family A, Ag,..., A, of distinct sets is balanced if there exist two disjoint and

P 2[nd o= “}nonempty subsets of indices, I and J, such that
e e 1o ]

Te{on} thua QAc=rx A Uai=U4; and (ai=[14;
el je7 iel jed iel jeJ

wn tlte th}r&t code

Theorem 5 (Lindstrom). Every family of m distinct subsets of an n-element set, with

m > n+ 2, is balanced. g e )

Yo N ») Y
e % ; - Y < Ty «
ivod TV~ 1ri N ) Yr b g ] 4 i Y

Proof. With each subset A of {1,2,...,n} we can associate the incidence vector
v = (21,91, %2,Y2, -, Tn,Yn) " of the pair (A4, A) in the usual way: z; = 1 iff i € A and
y; = 1 =x;. These vectors belong to the vector space V (over R) of all vectors for which

T1+Y1 =T+ Y2 = ... =Ty + Yn.

T he dimension of V is n+ 1.

To prove the claim, observe that for any v = (21,1, 22,92, ., Zn,¥n)’ in V, the
knowledge of n + 1 coordinates z1,z3,...,%n,Yn is enough to reconstruct the whole

vector v, namely y; = 1 +y1 — ;. So our space V is the set of solutions v € R*™ of the
linear system Mv = 0, where M is the (n — 1) X (2n) matrix

11 -1 -1 0 0 ... 0 0
11 0 0 -1 -1 ... 0 0
110 0 0 0 .. =1 =1/ 0

So dim(V) = 2n — rk(M) = 2n — (n — 1) = n + 1, as desired.

Now let v; = (v;1,vi2,...,Vian)’ be the vector corresponding to the " set A;,1 =
1 3 ) y U2.2n s
1,2,...,m. By the assumption, the vectors vi,vs,..., v are distinct and all belong to
- n ) 2] - ~
e + Y 4 oo e 4] £ A AL/ T {
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A T S =Ty wrthermore | 3 two ~t310tnlt  ans nohem olY Suble ts o tnocces,
{\':_L J‘ . U M i
™ ~ ’\ A~ . " n i T
LihRe=t s (Dt A oouarantee thalt LT\ anxX JTL or L v
el i€ (



(n—1)x(2n)

ﬂﬂ% =D
Fo o .- S
o) " : 3
S < N
-lll._n % o x
W 2o o - ‘m
sy -
~ 4o * |
o o - o mmt .8 A
g -
\W ~M o - O 1%3 Q‘ OW
Sl g Ta = * + a
- o9
: m ﬂ% m,.u.w. B Q ay o) ¥
——— Q lb . . 8 \w s\w xd.pu
L ACRNE NRLENG
= - .,
T NIRRT 2 & )
S L = —
v = L oy ™) P > - g AT
< ~ Q| P
S SLRE A | T == e &% 3 3y DY
3 I IR e 2 s v
-~ .rv“ i i \/m ~ O " ‘IV \U — lbw
S P TP N S~ Y N —
. g s : P i T 0 s
2 2 & 3 R\ wl  led I /”v). a2 N
- 2 M LT A G AN A AN AR N
p 34 ~ | < X . 3
S i
o & _ " 3 A & £ R RIS =
¥ SRS . ,
RB RO B = SEERRE SRS S N
N + -
£ 2 & & s 2 s 2 > —
) ! I\
< = - = £ I — : - ) .
N + + + “ ; v » b v
b S K & A o wl Yy - - w
. N n A BP P I AR A A R D SR R
L Y § > MM X A M 11
T [
} ./“.— M + ﬂu“v %
R R |
S I s 8
oS i




the subspace V. Since m > n+2 > n+ 1 = dim(V), there must be a nontrivial relation
between these vectors, which can be written as

Do =D Bvj,
el jed

where I and J are both nonempty, INJ =0, and o;,8; > 0 for alli € I and j € J. But

this means that
UAi:UAj and UZiZUZj,
icl jed i€l jed
where (using the identity AUB = A N B) the last equality amounts to (| 4; = () A;. O

iel jed
oroan

2° Eigenvalue Technique

Let G be a graph with n vertices. The adjacency matriz of G, denoted by A(G), is
an m X 1 matrix such that

e each row/column is indexed by a vertex;

e the (i,7) entry of A(G) is 1 if vertex ¢ and vertex j are adjacent in G and 0
otherwise.

For instance,

1 12 3 4
0110
211010
G AG) =
3 4 1101
{10 010
2 ]

Let us consider the eigenvalues of A(G).
Example 6.1. Let K, stand for the complete graph with n vertices. Then the eigen-
values of A(K,,) are
n—1,-1,-1,...,~1
n—1 times
Indeed, A(K,) =J —=1. So we have

A 101 .1
1 A1 ... 1
det(A(K,) — \) =
11 1 ... =A

= (n—1-N(=1- X",
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and thus the statement follows.

Example 6.2. Let G be the Petersen graph. Then the eigenvalues of A(G) are

~

the etaoenvalies o ’2{3!‘:0)1 3,1,1,1,1,1,-2, -2, -2, 2.
) Al 0 0 1
arooh . RN o - I =A 1 0 0
el i - - / SRR 0 1 =X 1 0 =
0 0 1 A1
{ p 1 0 0 1 A
b 1.
§ A o rulten <oty =
w2 L% A
15 W S ¢
A A A
[ D 5 W o §
Clearly,
1 2 3 4 5 6 7T 8 9 10
<X 1 0 0 1,1 0 0 0 0 1
I = 1L 0 00 1L 0 0 0 2
0O 1 =X 1 0:0 0 1 0 0 3
O 0 1 X110 0 0 1 0 |
1 0 0 1 —-Xi0 0 0 0 1 5
|AG) ~ X| = | =omrmmmemmeemo 22 - S AR . ’
1 0 0 0 0!=A 0 1 1 0 6
0 1 0 0 0 : 0 —x. 0 1 1 i
0O 0 I 0 0,1 0 =X 0 1 8
0O 0 0 1 0'1 1 0 =X0 9
O 0 0 0 110 1 1 0 =x| 10
A | ST
= e i
T

To calculate the determinant, let us apply the following matrix identity

S I\ (I -T\ (S I-ST
1 T)\0 1) \I o )
Then we have (by swapping " column and (5 + 4)* column for i = 1,2,...,5).

S I
I T

I -T
0 I

S I-ST
I 0

I—ST S]=—II—STI‘
0o I
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